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ON CONCORDANCES IN 3-MANIFOLDS
DANIELE CELORIA
Abstract. We describe an action of the concordance group of
knots in S3 on concordances of knots in arbitrary 3-manifolds. As
an application we define the notion of almost-concordance between
knots. After some basic results, we prove the existence of non-
trivial almost-concordance classes in all non-abelian 3-manifolds.
Afterwards, we focus the attention on the case of lens spaces,
and use a modified version of the Ozsva´th-Szabo´-Rasmussen’s τ -
invariant to obstruct almost-concordances and prove that each
L(p, 1) admits infinitely many nullhomologous non almost-concor-
dant knots. Finally we prove an inequality involving the cobordism
PL-genus of a knot and its τ -invariants, in the spirit of [39].
Introduction
A classical and extensively studied feature of knots in the 3-sphere is
the group structure induced by connected sum on concordance classes.
Much is known on the concordance group C, and many recent progresses
have been made by Heegaard Floer theoretic techniques. On the other
hand, concordances in manifolds other than S3 lack a clear algebraic
structure.
The purpose of this paper is to describe an action of the concor-
dance group of knots in S3 on concordances of knots in an arbitrary
3-manifold. The action consists simply in taking the connected sum
of a concordance class of a knot in a 3-manifold with a concordance
class of a knot in S3. After showing that the action is well defined,
we introduce the related notion of almost-concordance. This can be
thought of as concordance up to connect sum with knots in S3.
Similar constructions and definitions have been previously considered
by Rolfsen in [37] (see also Hillman’s book [14, Sec. 1.5]).
Denote the set of almost-concordances in a closed, oriented 3-manifold
Y by C˜Y . We deduce, as a result of explicit computations (Sections 3
and 4), the following result establishing the non-triviality of the equiv-
alence relation provided by almost-concordance:
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2 DANIELE CELORIA
Theorem 1. Each lens space L(p, 1) contains infinitely many almost-
concordance classes of knots, so |C˜L(p,1)| = ∞. Moreover, all these
classes are represented by nullhomologous knots.
Instead, in the case of 3-manifolds with non-abelian fundamental
group we obtain:
Theorem 2. All 3-manifolds with non-abelian fundamental group have
non-trivial almost-concordance classes.
Theorem 1 is established by defining the τ -shifted invariant τsh for
knots in lens spaces, which is derived by the usual Ozsva´th-Szabo´-
Rasmussen’s τ -invariant.
We then make use of Hedden’s generalisation [10] of the τ invari-
ants to extend the definition of τsh to a much larger set of 3-manifolds
(Definition 26). We prove that τsh is unchanged under the previously
defined action:
Proposition 3. The τ -shifted invariant τsh is an almost-concordance
invariant of knots.
The proof of Theorem 1 then follows from the computation of τsh
for a knot K˜ ⊂ L(3, 1) (Example 28), coupled with a sequence of chain
homotopies described in Section 4.
Theorems 1 and 2 can be equivalently stated in terms of non-transitivity
of the concordance action; the same result in the case of the 3-torus is
a direct consequence of D. Miller’s paper [27] on Milnor’s invariants.
Following a remark of A.Levine, we relate almost-concordance to
PL-concordance (Definition 11), define some generalisations of the slice
genus, and establish the following inequality:
Theorem 4. Suppose K0 and K1 are two knots in a lens space L(p, q),
connected by a PL-cobordism Σ. Then
D(τ(K0), τ(K1)) ≤ g˜PL(Σ),
where D is the distance on Zp described in Definition 43, and g˜PL is
the (cobordism) PL-genus of a knot (Definition 12).
As an aside, we generalize a result of Kirby and Lickorish [16], show-
ing in Theorem 14 that every knot in a 3-manifold is concordant to a
l-prime knot (Definition 13).
Lastly we present some results on local knots, and outline possible
improvements and future directions with some conjectures.
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1. Definitions
In the following Y is always going to denote a closed, connected
and oriented 3-manifold. None of these conditions is actually strictly
needed, but will encompass all relevant examples that will follow.
A knot in Y is the ambient isotopy class of a smooth embedding ι :
S1 ↪→ Y , and K(Y ) will denote the set of oriented knots in Y . To avoid
confusion we will often use the pair (Y,K) to denote K ∈ K(Y ).
In every such Y there is a unique knot bounding an embedded disk,
the unknot, denoted by ©. Given a knot (Y,K), call [K] ∈ H1(Y ;Z)
the homology class it represents; if [K] = 0, we say it is nullhomolo-
gous, and rationally nullhomologous if it represents a torsion element
of H1(Y ;Z).
A nullhomologous knot is the boundary of embedded surfaces in Y ,
while in all other cases it is not1. Given two oriented knots (Yi, Ki) for
i = 0, 1, we can consider their connected sum (Y0#Y1, K0#K1), given
by removing from each Yi a 3-disk Di intersecting Ki in an unknotted
arc, and glueing with an orientation reversing diffeomorphism Y0 \D0
to Y1 \D1, matching the orientations of the knots.
A knot (Y,K) is said to be local if there exists an embedded 2-
sphere in Y bounding a 3-ball B, such that K ⊂ B. Clearly a local
knot is nullhomologous, but the converse is generally far from true (cf.
example 28). Alternatively one could define local knots as those which
admit a decomposition of the form (Y,©)#(S3, K).
Besides isotopy, there is another weaker equivalence relation we can
consider on the set of embeddings S1 ↪→ Y :
1However there are several ways to define Seifert surfaces for rationally nullho-
mologous knots, see [2] and [36].
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Definition 5. We say that two knots K0, K1 ⊂ Y are concordant if
there exists a smooth properly embedded annulus
A ∼= S1 × [0, 1] ↪→ Y × [0, 1],
such that ∂A ∩ (Y × [0, 1]) = K0 unionsqK1. If K0 is concordant to K1 we
write K0 ∼ K1. Concordance is an equivalence relation on K(Y ); the
set of equivalence classes is denoted by CY .
Concordances preserve homology classes. In other words if K0 ∼ K1,
then [K0] = [K1]. This implies that CY splits:
(1) CY =
⊕
m∈H1(Y ;Z)
CYm.
If Y = S3, we can endow C := CS3 with a group structure. The
operation is provided by the oriented connected sum, and the inverse
of a class [K] is represented by the reverse mirror of K.
The structure of this usual concordance group, despite its importance
in low-dimensional topology, still remains elusive. Recently many im-
provements in the understanding of C were made by several authors,
especially by means of Heegaard Floer theoretic constructions.
For an excellent survey on concordances in S3 see [23], and for a re-
cent survey on the interactions between Heegaard Floer homology and
C see [15].
It is clear from the definition that the connected sum of knots does
not preserve the ambient manifold, so it does not provide a binary
operation on CY whenever Y 6= S3. Hence CY has no natural group
operation, and is only a set. So there seems to be a total loss of
algebraic structure when dealing with a manifold other than S3.
There is however a natural action K(S3) y CY which respects the
splitting into homology components.
This action is simply defined as:
(2) (S3, K) · [(Y,K ′)] = [(Y,K#K ′)]
Remark 6. This action is well defined. That is, if K0, K1 ∈ K(Y ) and
K0 ∼ K1, then for each knot (S3, K) we have K0#K ∼ K1#K. To
see why this is the case, denote by A a concordance between K0 and
K1. Choose a simple properly embedded arc a on A, such that the
endpoints are on the two knots, and a does not intersect any critical
point2 of A (Figure 1).
2For the restriction to A of the Morse function induced by the projection S3 ×
[0, 1]→ [0, 1].
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Figure 1. The path a on a concordance in Y × [0, 1]
between K0 and K1.
Consider the product K × [0, 1] ⊂ S3 × [0, 1], and remove from it
D × [0, 1], where D is a 3-disk intersecting K in an unknotted arc.
Now remove a small tubular neighborhood ν(a) of a, and replace it
with (S3 \D)× [0, 1], making the boundaries of (K \ (K ∩D))× [0, 1]
and (A \ (ν(a) ∩ A)) coincide. The result is a concordance from K#K0
to K#K1.
Moreover this action factors through the concordance group C:
Proposition 7. If K0, K1 ∈ K(S3) and K0 ∼ K1, then for each knot
(Y,K):
(S3, K0) · [(Y,K)] ∼ (S3, K1) · [(Y,K)]
Proof. Denote by A ⊂ S3 × [0, 1] an annulus realizing the concordance
between K0 and K1. Then, as in [23, Thm 3.3.2] we can suppose that,
up to isotopy, A is the product a×[0, 1] for a small arc a ⊂ K0. Remove
from S3× [0, 1] the product D× [0, 1], where D is a 3-disk intersecting
K0 only in a; the complement is diffeomorphic to D3 × [0, 1].
Take the trivial concordance K × [0, 1] ⊂ Y × [0, 1] and remove a
product D′× [0, 1], where D′ is a 3-disk intersecting K in an unknotted
arc. Then we just need to glue S3 \ D × [0, 1] to Y \ D′ × [0, 1], in
such a way that the two concordances are glued along their vertical
boundaries3, making the edges of the annuli coincide: the resulting
annulus is a concordance from K0#K to K1#K in Y × [0, 1]. 
3By vertical boundary we mean the part created by removing the intersection
with the disks D or D′ times [0, 1].
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So we have in fact an action C y CY , which is easily seen to preserve
the splitting of Equation (1).
We can introduce yet another equivalence relation on K(Y ), by tak-
ing this C-action into account:
Definition 8. Two knots K0 and K1 in Y are almost-concordant,
written K0∼˙K1, if there exist two knots K ′0, K ′1 ⊂ S3 such that
K0#K
′
0 ∼ K1#K ′1.
Almost-concordance is an equivalence relation on K(Y ), and we denote
by C˜Y the quotient.
Clearly two concordant knots are also almost-concordant (just choose
K ′0 = K
′
1 = ©), but the converse does not hold. In particular this
means that almost-concordance classes are unions of concordance classes.
It is thus natural to ask whether this relation is trivial, i.e. if there is
only one almost-concordance class of knots for each pair (Y,m), with
m ∈ H1(Y ;Z). As anticipated by Theorem 2 this is not always the
case.
Remark 9. Note that we might also only use one knot in the definition:
if K0#K
′
0 ∼ K1#K ′1 then K0 ∼ K1#K ′ where K ′ = K ′1#rK ′0.
Remark 10. It is immediate from the definition that |C˜S3| = 1, that is
all knots in the three-sphere are almost-concordant to each other. In
the next section we are going to outline a way to obstruct the existence
of almost-concordances, after introducing a new invariant τsh capable
of distinguishing them.
Shortly after the first version of this paper appeared online, A. Levine
proved that almost-concordance is in fact equivalent to the older notion
of PL-concordance; the same statement was in fact proved in greater
generality by Rolfsen in [37].
Definition 11. Two knots K0, K1 ∈ K(Y ) are PL-concordant, if they
are connected by a properly embedded annulus in the product cobordism
Y × [0, 1], which is everywhere smooth except for a finite number of
singular points which are cones over knots in S3.
PL-cobordisms are defined in an analogous manner, allowing the
singular surface cobounding the knots to have non-zero genus.
The equivalence between almost-concordance and PL-concordance
goes as follows: given a PL-concordance between K0 and K1, we can
connect each singular point on the concordance to either knot with
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simple non-intersecting arcs. Carving out a small neighborhood of
these arcs yields a concordance between the original knots with extra
connect-summands given by the link of the singular points.
Conversely, given an almost-concordance, we can push K ′0 and K
′
1
inside the cobordism, capping them off with their cones.
In [21] Levine proves the existence of a non-surjective satellite oper-
ator, and uses it to exhibit a knot in an homology 3-sphere Y which
does not bound a PL-disk in any contractible 4-manifold cobounding
Y .
In Section 3 we are going to produce an invariant of almost-concordance
for knots in lens spaces, which by Levine’s remark is also an invariant
of PL-concordance. We are also going to show that this invariant
bounds (in an appropriate setting) from below the minimal PL-genus
of a surface cobounding two knots.
Definition 12. One can define several kinds of 4-dimensional genera
for a knot K ∈ K(Y ); given a 3-manifold Y and a contractible 4-
manifold W such that ∂W = Y , one can define the smooth slice genus
g∗, the PL genus gPL, the topological 4-genus gTOP and the topological
PL 4-genus gTOPL. They are defined as follows:
(3) gW◦ (K) = min{g(Σ) | (Σ, ∂Σ)
ι
↪−→ (W,Y ), ∂Σ = K}
With ◦ ∈ {∗, TOP, PL, TOPL}, and the corresponding embedding ι is
required to be smooth if ◦ = ∗, topological locally flat if ◦ = TOP ,
smooth/locally flat except for a finite number of points which are cones
over knots in S3 if ◦ = PL or TOPL respectively.
One can also define related genus by taking the minimum of the previ-
ous quantities over all 4-manifolds W cobounding a fixed Y , with some
restriction on the algebraic topology of these fillings.
In what follows however we will be more concerned with yet another,
slightly different notion of 4-dimensional genus for knots; suppose the
homology class of K ∈ K(Y ) contains a “standard” representative T[K].
In the case where [K] = 0 ∈ H1(Y ;Z) one can always choose the unknot
©, but this is not the only possibility: in the case of lens spaces one
has the simple knots K(p, q, k) (in the notation of [36]), which share
many interesting properties with the unknot (cf. [36], and [12]), despite
being only rationally nullhomologous.
We can then define the genera
(4) g˜◦(K) = min{g(Σ) | Σ ⊂ Y × [0, 1], ∂Σ = K unionsq T [K]},
where again ◦ belongs to the set {∗, TOP, PL, TOPL}, and the surface
Σ is embedded in the trivial cobordism Y × [0, 1] accordingly ( i.e. in the
appropriate category).
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We will refer to each of the g˜◦(K) genera as the ◦-cobordism genus
of the knot K.
Note that in the 3-sphere case there is no difference between g˜◦ and
g◦, since removing a 4-ball from the interior of D4 yields S3 × [0, 1].
For a fixed filling W (which is omitted from the notation), there are
some obvious relations between these genera:
gTOPL(K) ≤ gPL(K) gTOPL(K) ≤ gTOP (K)
gPL(K) ≤ g∗(K) gTOP (K) ≤ g∗(K),
and gTOPL = gPL = 0 for all knots in S
3.
It would be interesting to determine if there is a relation between
gTOP and gPL. Note that if a knot has minimal PL-genus greater than
0, then in particular, it is not concordant in a homology cobordism to
any knot in S3 (cf. [21]).
The following elementary inequality always holds for K ∈ K(Y ) and
any choice of ◦ as above (after picking a suitable T[K] where available):
(5) g◦(K) ≤ g˜◦(K) + g◦(T[K]).
The notion of almost-concordance is closely related to primeness of a
knot. The definition makes sense also in a 3-manifold other than S3:
Definition 13. Call a knot (Y,K) l-prime if it is not a connected
sum with a knot in S3, so there is no embedded4 3-ball B intersecting
K non trivially. By triviality of the intersection we mean that the
pair (B,K ∩ B) is isotopic (relatively to the boundary) to the pair
(D2 × D1, {0} × D1). In other words (Y,K) is l-prime iff for every
decomposition (Y,K) = (Y,K0)#(S
3, K1) we have K1 =©.
It was first proven by Kirby and Lickorish in [16] that every knot in
S3 is concordant to a prime knot. Using the same argument of Liv-
ingston [22], we can obtain a generalization of their result to arbitrary
3-manifolds. To the best of the author’s knowledge this result (de-
spite being an almost straightforward generalisation of the techniques
of [22]) does not appear in the literature, so we include it for the sake
of completeness.
Theorem 14. Every knot K ⊂ Y is concordant to an l-prime knot.
Proof. Consider the knot P ⊂ S1 × D2 shown in Figure 2.
4The boundary of a ball as such is usually called a Conway sphere.
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Figure 2. The pattern P for the satellite construction.
Attaching the gray band, and capping the nullhomolo-
gous component, yields a concordance in S1×D2× [0, 1]
between P and the core of the solid torus.
Given any knot (Y,K), we can remove a tubular neighborhood ν(K)
and glue in5 the solid torus containing the pattern, obtaining a new knot
(Y,KP ), the satellite of K with pattern P . The concordance suggested
in Figure 2 induces a concordance from KP to K. Now we just need to
check that KP is in fact l-prime; we start by noting that the pattern
inside the solid torus is prime6, i.e. it cannot be split into non-trivial
knots by a Conway sphere. Then we just need to argue by contradiction
that any sphere giving a decomposition of KP can be isotoped away
from the torus given by the boundary of the neighborhood for the
original knot K. So necessarily the sphere would be contained in ν(K),
and we can conclude by the primeness of P . This can be done similarly
to [22, Thm. 4.2].
We sketch the construction here; call S an embedded sphere giving a
decomposition in two summands of KP , and R the annulus obtained by
deleting a small neighborhood of the two pointsKP∩S. Generically, the
intersections between R and ∂ν(K) are composed by nullhomologous
circles (in R), and circles which are parallel to ∂R. The first kind can
be eliminated by isotopies, starting from the innermost ones.
We want to show that there can not be any intersection which is par-
allel to ∂R; if such intersections existed, then by considering one close
to ∂R, we would have found a disk cobounding a meridian of ∂ν(K)
with intersection 1. But this is absurd, since the minimal number of
intersections between P and a disk cobounding a meridian {p}×S1 in
the solid torus is 3. 
5We do not need to specify the framing with respect to which we are attaching
the solid torus, since the result holds for any choice.
6This is proven in a more general setting in [22].
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2. Relation with the fundamental group
As independently pointed out by Eylem Zeliha Yildiz and Patrick
Orson, there is a simple relation between almost-concordance and free
homotopy classes of loops in a 3-manifold Y :
Proposition 15. If K0, K1 ∈ K(Y ) are almost-concordant, then they
are freely homotopic.
Proof. By hypothesis there exists a smoothly embedded annulus A in
Y × [0, 1] connecting K0#K ′0 to K1#K ′1, for some knots K ′0, K ′1 in S3.
Consider two regular homotopies7 hi for i = 0 and 1, between K
′
i and
the unknot in S3; we can suppose that the hi are the identity outside a
ball D (times an interval) containing K ′i, and that they fix a point of K
′
i.
Removing a small neighborhood of the fixed point produces a relative
homotopy from K ′i (minus a small interval) to the unknot (again, minus
a small interval) supported in D3 × [0, 1]. One can then attach these
two resulting 4-balls to the identity cobordisms Y × [0, 1] \D′i × [0, 1],
where D′i is a 3-ball intersecting trivially Ki.
The result of these attachments are two homotopies, going from
K0#K
′
0 to K0 and from K1#K
′
1 to K1. Attaching these to the two
ends of A provides the needed homotopy from K0 to K1. 
Proof of Thm. 2. It is a well known fact that free homotopy classes of
loops in Y are in bijection with conjugacy classes of pi1(Y ).
If the fundamental group of a closed 3-manifold Y is not abelian,
there must be at least one commutator, say [a, b] = aba−1b−1, with
a, b ∈ pi1(Y ) which is not the identity. Taking an embedded and con-
nected representative for [a, b] yields a nullhomologous knot which is
not almost-concordant to the unknot. Therefore8 “most” 3-manifolds
must have
∣∣CY0 ∣∣ > 1. 
This implies, e.g. if Y is a ZHS3, that any smooth and simple rep-
resentative of a non-trivial element of pi1(Y ) is a nullhomologous knot
which is not freely homotopic, hence not almost-concordant to the un-
knot in Y .
In the following two sections we are going to prove that a similar
result holds also in a special case of closed 3-manifolds with abelian9
fundamental groups, that is the lens spaces L(p, 1).
7The hi can be e.g. a sequence of crossing changes taking each knot to ©.
8See for example [13] or [5] for a classification of 3-manifolds with non-abelian
fundamental group.
9Recall that the only closed and orientable 3-manifolds with non-trivial abelian
fundamental group are lens spaces, the 3-torus and S1 × S2.
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Figure 3. The partition of the set of knots in a 3-
manifold into homology classes, free homotopy classes,
almost-concordances and smooth concordance classes.
Proposition 15 implies that for each 3-manifold Y we have a splitting
into free homotopy classes of loops in Y :
(6) C˜Y =
⊕
l∈pi1(Y )upslopeconj.
C˜Yl
Remark 16. Note that the inclusions between these various classes (ho-
mology, free homotopy, PL-concordance and regular concordance) are
strict, meaning that in general there are knots which are distinct in
one class, but not in the larger ones.
As an example of the only not well known case, we are going to show
in the next section the existence of knots (in fact an infinite family)
which are not PL-concordant to the unknot, but nonetheless belong to
the same free homotopy10 class of©. Thus the converse of Proposition
15 does not hold.
3. A “concrete” example
In this section we are going to exploit Ozsva´th-Szabo´-Rasmussen’s
Floer theoretic invariant τ to distinguish almost-concordance classes,
in the case where Y = L(p, q). We remark here that the following
10This is an easy consequence of the commutativity of the fundamental group of
lens spaces.
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constructions holds in a more general context (Definition 26), but it is
generally hard to compute the invariants we will use.
On the other hand, the combinatorial versions of knot Floer homol-
ogy, first developed by Manolescu, Ozsva´th and Sarkar [25] for links in
S3, and by Baker, Hedden and Grigsby [1] for links in L(p, q) are easily
computable, and the latter can be used to provide many interesting
examples.
We adopt the conventions of [7] and [1] regarding lens spaces, ac-
cording to which L(p, q) = S3− p
q
(©).
What follows is a brief recap on the needed results on knot Floer
homology. Great sources on the subject are [32] and [24].
Heegaard Floer homology is a package of invariants of Spinc 3-man-
ifolds, introduced by Ozsva´th and Szabo´ in [33]. The simplest of these
invariants is denoted by ĤF (Y, s), where s ∈ Spinc(Y ).
Soon after its definition, it was realized in [32] and [35] that a nullho-
mologous11 knot (Y,K) induces a filtration on the complexes ĈF (Y, s)
computing the Heegaard Floer homology group of (Y, s).
The filtered chain homotopy type of these filtered complexes, denoted
by ĈFK(Y,K, s), is an invariant of the triple (Y,K, s). In particular to
each such triple (Y,K, s), with s ∈ Spinc(Y ) and K ∈ K(Y ), we asso-
ciate a relatively bigraded group ĤFK(Y,K, s), finitely generated over
F = Z/2Z. This is just the homology of the graded object associated
to the filtered chain homotopy type of ĈFK(Y,K, s).
The two gradings are known as the Maslov and Alexander degrees.
The first one can be thought of as an homological degree (it decreases
by 1 under the action of the differential), while the latter is the degree
associated to the filtration induced on ĈF (Y, s) by K.
If Y is a lens space (or more generally a rational homology 3-sphere),
the gradings lift to an absolute Q-valued bigrading by results of [29].
An L-space Y is a rational homology 3-sphere such that for each
s ∈ Spinc(Y ):
rkF
(
ĤF (Y , s)
)
= 1.
All lens spaces are L-spaces, and in the following we will fix an iden-
tification of Spinc(L(p, q)) with Z/pZ, as described in [29].
11The same holds for rationally nullhomologous knots, and similar results hold
also in the general case, see [38].
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Knot Floer homology is known (see e.g. [32]) to satisfy a formula12
for the connected sum of two knots; if (Y,K, s) = (Y0, K0, s0)#(Y1, K1, s1),
then
(7) ĤFK (Y,K, s) ∼= ĤFK (Y0, K0, s0)⊗ ĤFK (Y1, K1, s1) .
The isomorphism on the complex level is a filtered chain homotopy
equivalence.
The knot Floer homology of the unknot in a lens space is readily
seen to be
(8) ĤFK(L(p, q),©, s) ∼= F[d(p,q,s),0]
where the subscript of the module indicates the bidegree (Maslov,
Alexander) of the generator, and d(p, q, s) is a rational number known
as the correction term13 for L(p, q) in the Spinc structure s.
Remark 17. If a knot K in an L-space Y is such that
rkF
(
ĤFK(Y ,K, s)
)
= 1 and rkF
(
ĤFK(Y ,K, s′)
)
6= 1
for some s, s′ ∈ Spinc(Y ), then it is l-prime by Equations (7) and (8),
coupled with the unknot detection of ĤFK in S3 (first proved in [31]).
The main tool we are going to use in order to study the notions
defined in the previous section will be a modified version of the τ -
invariant. This invariant was first defined for knots in the 3-sphere
in the holomorphic setting in [30], and it has proven to be extremely
useful since. It is a concordance invariant14 of knots in S3, and provides
a lower bound on the slice genus. Its properties can be exploited e.g.
to give a self-contained combinatorial proof of the Milnor conjecture
and to exhibit exotic R4s (see [34, Ch. 8]).
Definition 18. For s ∈ Spinc(L(p, q)), a ∈ Q and K ∈ K(L(p, q)), de-
note by Fa(L(p, q), K, s) the elements in the complex ĈFK(L(p, q), K, s)
with Alexander degree ≤ a. There is a natural inclusion map:
ιa : Fa(L(p, q), K, s) ↪→ ĈF (L(p, q), s).
The τ -invariant associated to the Spinc structure s ∈ Spinc(L(p, q)) for
a knot (L(p, q), K), denoted by τ s(K), is the minimal a ∈ Q such that
the induced map in homology
ιa∗ : H∗ (Fa(L(p, q), K, s)) ↪→ ĤF (L(p, q), s)
12We do not specify here the various conventions involved for Spinc structures,
since in what follows we will only deal with the case Y0 = S
3.
13See [29] for the definition and a recursive formula.
14In fact it is an homomorphism τ : C → Z, see also Theorem 20.
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is non-trivial. Furthermore define
τ(K) =
(
τ 0(K), . . . , τ p−1(K)
) ∈ Qp.
Remark 19. Despite being Q-valued, the Alexander degrees of the ele-
ments in ĈFK(L(p, q), K, s) differ by integers. So, for each Spinc struc-
ture s ∈ Spinc(L(p, q)), these degrees are in fact a subset of {rs(K)+Z}
for some rs(K) ∈ Q. In each lens space, there is a canonical choice for
rs(K), which depends
15 on the homology class of K, the Spinc structure
s and the parameters p, q. Moreover, if the knot is nullhomologous, the
degrees are all integers, and we can choose rs = 0 ∀s ∈ Spinc(L(p, q)).
In the interest of simplicity, in what follows we are going to regard
each component of the τ -invariant of knots in lens spaces as being
Z-valued.
The following result was proved for knots in S3 in [30], building on
[32, Theorem 7.1] (which instead works for general 3-manifolds). It
was then proved in full generality by Hedden in [10, Prop. 3.6]. We
reformulate it here as follows:
Theorem 20 ([10]). Suppose (L(p, q), K) = (L(p, q), K0)#(S
3, K1).
Then for each s ∈ Spinc(L(p, q)):
τ s(K) = τ s(K0) + τ(K1)
In other words, the C-action shifts the τ -invariants of (L(p, q), K ′) in
a uniform manner in each Spinc structure.
The next theorem is a generalization of a well known result for knots
in the 3-sphere, first proven for knots in S3 by Sarkar [39] in a purely
combinatorial setting. In the same paper it is used to give an elemen-
tary proof of the Milnor Conjecture, first proven by Kronheimer and
Mrowka [18] using gauge-theoretic techniques. The result holds with
small modifications for arbitrary 3-manifolds (see [9]), but in what fol-
lows we will only need a version for lens spaces.
Theorem 21 ([9]). Let Σ be a smooth cobordism of genus g(Σ) in
L(p, q)× [0, 1] between the knots K0, K1 ∈ K(L(p, q)).
Then ∀s ∈ Spinc(L(p, q)):
|τ s(K0)− τ s(K1)| ≤ g(Σ).
15In each homology class of a lens space there is a unique Floer simple knot,
called simple knot (see e.g. [36]); rs(K) is then just the Alexander degree of the
only element of its knot Floer homology.
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Corollary 22. Suppose (L(p, q), K0) ∼ (L(p, q), K1). Then for all
s ∈ Spinc(L(p, q))
τ s(K0) = τ
s(K1),
that is the p-tuple of τ -invariants is a concordance invariant.
Proof. By hypothesis there is a genus-0 surface Σ connecting K0 and
K1 in L(p, q)× [0, 1], so for all s ∈ Spinc(L(p, q)):
0 ≤ |τ s(K0)− τ s(K1)| ≤ g(Σ) = 0.

Remark 23. By adapting the techniques of [34] and [1], Theorem 21
can be proven in a combinatorial fashion also for knots in lens spaces
(see [3]).
We can now turn to the study of the almost-concordance classes of
knots in L(p, q). The key fact that will allow us to distinguish them is
Theorem 20:
Definition 24. Let (L(p, q), K) be a knot; define the shifted τ -invariant
as the p-tuple
τsh(K) = (τ
1(K) + n, . . . , τ p(K) + n)
where n ∈ Z is the only integer16 such that min
s
{τ s(K) + n} = 0.
We can now turn to the proof of Proposition 3.
Proof of Prop. 3. Using Theorem 20, it is immediate to show that the
τsh-invariant is unchanged under the action described in Equation (2),
hence almost-concordant knots have the same τsh-invariant. 
Proposition 25. If K is a local knot in L(p, q), then τsh(K) = (0, . . . , 0).
Proof. It follows immediately from Theorem 20, and the fact that the
unknot has trivial τsh-invariant. 
It is possible to generalise greatly the definition of the τsh-invariant,
by considering Hedden’s approach to τ invariants [10]:
Definition 26. Given a knot K ∈ K(Y ), one can choose an ordered
tuple of elements (x1, . . . , xm) ∈
(
ĈF (Y )
)m
which are non-trivial and
distinct in the homology ĤF (Y ). To each of these elements we can
associate a numerical invariant τ[xi](Y,K).
16cf. Remark 19.
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Remark 27. In the previous definition of τsh, we chose [xi] = ĤF (L(p, q), si),
that is the only element of ĤF (L(p, q)) in the i-th Spinc structure.
The τ[xi](Y,K) invariants have the same behaviour ([10, Prop. 3.6])
under connected sum with knots in the three-sphere as the “regular”
τ -invariants, hence can be used to obstruct the existance of almost-
concordances as well.
In particular if [x] 6= [y] are two non-trivial classes in ĤF (Y ) for a
QHS3 Y , and K0, K1 are two knots in K(Y ) such that
(9)
(
τ[x](Y,K0), τ[y](Y,K0)
) 6= (τ[x](Y,K1) + r, τ[y](Y,K1)) + r) ,
where r ∈ Q is the only rational such that τ[x](Y,K0) = τ[x](Y,K1) + r,
then K0 is not almost-concordant to K1.
Example 28. Adapting the grid-diagrammatic approach17 developed
in [1], we were able to compute in [3] the τ -invariants for the knot
(L(3, 1), K˜) shown in the twisted grid diagram form18 in Figure 5.
The following tables provide the sets of generators for the com-
plexes ĜC(L(3, 1), K˜, s), which are combinatorially defined and quasi-
isomorphic to the complexes ĈFK(L(3, 1), K˜, s) by [1, Thm.1.1].
These are finitely generated F[U ]-modules, where U denotes a graded
endomorphism decreasing the Maslov and Alexander degrees of a gen-
erator by 2 and 1 respectively. Note that the resulting homology is a
finitely generated F-module.
There are 6 generators (as an F[U ]-module) for each complex
ĜC(L(3, 1), K˜, s) computing the knot Floer homology of (L(3, 1), K˜)
in the Spinc structure s. We denote them by xsi for i = 0, . . . , 5 and
s = 0, 1, and display their filtered differentials below. We omit the
computations for s = 2, since in that case the complex is identical to
the s = 1 one.
The filtration on the complex is used to compute the τ -invariants
according to definition 18. To obtain the homology of the associated
graded ĤFK(L(3, 1), K˜, s) ∼= ĜH(L(3, 1), K˜, s), just delete all the dif-
ferentials which do not preserve the Alexander degree (these are the
grey dashed lines in Figure 4).
17See also [26] and [34].
18For the definitions of twisted grid diagrams for knots in lens spaces see [1].
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Generator (M,A) Differential
Spinc degree = 0
x00
(
3
2
, 1
)
∂(x00) = x
0
1 + x
0
2
x01
(
1
2
, 0
)
∂(x01) = Ux
0
0 + x
0
3 + x
0
4
x02
(
1
2
, 0
)
∂(x02) = Ux
0
0 + x
0
3 + x
0
4
x03
(−1
2
,−1) ∂(x03) = U(x01 + x02)
x04
(−1
2
,−1) ∂(x04) = 0
x05
(−3
2
,−2) ∂(x05) = Ux04
Spinc degree = 1
x10
(
7
6
, 0
)
∂(x11) = x
1
1 + x
1
2
x11
(
1
6
, 0
)
∂(x11) = x
1
4 + x
1
5
x12
(
1
6
, 0
)
∂(x12) = x
1
4 + x
1
5
x13
(
1
6
,−1) ∂(x13) = x14 + x15
x14
(−5
6
,−1) ∂(x14) = U(x11 + x13)
x15
(−5
6
,−1) ∂(x15) = U(x11 + x13)
We display the homology of the associated graded complex here:
(10) ĤFK(L(3, 1), K˜, s) =

F[ 32 ,1] ⊕ F[ 12 ,0] ⊕ F[− 12 ,−1] if s = 0
F[ 16 ,0] if s = 1
F[ 16 ,0] if s = 2
K˜ is a nullhomologous knot, and
τ(K˜) = (−1, 0, 0) =⇒ τsh(K˜) = (0, 1, 1).
In particular this means that K˜ is not even almost-concordant to a
local knot. Furthermore, since it has non-trivial knot Floer homology
only in the Spinc structure 0, by Remark 17 it can not be the connected
sum with a knot in S3, hence it is also l-prime.
Remark 29. The computation of the τ -invariants displayed in Figure
4 was partially aided by a grid homology calculator for knots in lens
spaces. This program was developed in , and a GUI version is
freely available on my homepage http://poisson.phc.dm.unipi.it/
~celoria/#programs.
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Figure 4. The complexes ĜC(L(3, 1), K˜, s) for s = 0
(top) and s = 1 (bottom). The axes are labeled by
Alexander degree and powers of U . The dotted line high-
lights the filtration level where the map
ιa∗ : H∗
(
Fa(L(3, 1), K˜, 0)
)
↪→ ĤF (L(3, 1), 0)
becomes surjective.
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Figure 5. A grid diagrammatic representation of the
knot K˜ in L(3, 1).
4. Extension to L(p, 1)
Now we are going to extend the result obtained from the previous
computations to obtain a nullhomologous knot K˜p ⊂ L(p, 1) for each
p ≥ 3, such that K˜p is not almost-concordant to ©.
The knots K˜p are constructed by expanding (Definition 31) the grid
diagram presentation for the knot K˜ = K˜3 of example 28. Every such
knot can be described by a five-tuple of integers (p,X0, X1, O0, O1);
p is the parameter of L(p, 1), while the other four values describe the
position of the X and O markings appearing in the grid. In our case
all the knots Kp can be described by X = (2, 3) and O = (5, 0), so one
can easily see that K3 = K˜ from example 28.
Remark 30. As pointed out by Levine [19], a knot in a lens space whose
homology in each Spinc structure is isomorphic to either the trefoil or
the unknot (and both cases occur) has non-trivial τsh-invariant. This
is due to the fact that if ĤFK(L(p, q), K, s) ∼= ĤFK(S3, 31) (up to a
shift in the Alexander grading), the spectral sequence (see [32, Lemma
3.6])
ĤFK(L(p, q), K, s) =⇒ ĤF (L(p, q), s) ∼= F
has two consecutive terms canceling each other out, leaving a surviving
generator in Alexander degree ±1.
Definition 31. The operation of expansion consists in adding an n×n
box on the right of an n-dimensional grid representing a knot in L(p, 1),
taking it to a new grid, with the same dimension, but representing a
knot in L(p+ 1, 1) (see Figure 6).
In what follows we are going to exhibit a (filtered) chain homotopy
between the grid complex for K˜p to K˜p+1 in the Spin
c structures 0 and
1. Using Remark 30, we are going to prove that each of these knots have
non-trivial τsh-invariants, hence they can not be almost-concordant to
the unknot.
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Figure 6. A grid diagram representing the knots Kp ∈
K(L(p, 1)) (the grid is composed by 4p squares).
Remark 32. This expansion procedure can be carried out in slightly
greater generality, and is going to be fully detailed in an upcoming
paper.
We find it more convenient to prove the following statements in
terms of the tilde version19 of grid complex and homology, denoted
by G˜C(L(p, 1), K, s) and G˜H(L(p, 1), K, s) respectively.
In the case at hand (so for grid diagrams of dimension 2), we have an
isomorphism
(11) ĤFK(L(p, 1), K, s) ∼= G˜H(L(p, 1), K, s)⊗ (F(0,0) ⊕ F(−1,−1)) .
The differential ∂˜ of the tilde version of grid homology can be rep-
resented by empty20 embedded rectangles in the grid.
The computation of the differentials is a easy but quite tedious ex-
ercise, we report here the results. First denote by Gp the grid diagram
describing the knot Kp; each generator of the complex G˜C(Gp) can be
regarded as a pair (σ, (a, b)) ∈ S2 × {0, . . . , p− 1}2.
In order to ease a bit the notation, we call xa,b = (Id, (a, b)) and
ya,b = ((12)), (a, b)), and refer to (a, b) as the p-coordinates of the
generator (note that in the following they will be regarded as integers
mod p).
The assumption on the Spinc structure being 0 implies ([1, Sec. 2.2])
that a + b ≡ 2 (mod p). We can thus divide the generators according
to whether 0 ≤ a, b ≤ 2, or a, b ≥ 3.
If s = 0 the differential is:
(12) ∂˜(xa,b) =

0 if a, b ∈ {0, 1, 2}
yb,a + ya−1,b+1 if 3 ≤ a ≤ b
ya,b + yb−1,a+1 if 3 ≤ b ≤ a
19Cf. [34, Ch. 4].
20That is not containing any X or O marking or component of the generators.
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(13) ∂˜(ya,b) =

0 if a, b ∈ {0, 1, 2} or a = p− 1
xa,b + xb,a if 3 ≤ a < b
xa+1,b−1 + xb−1,a+1 if 3 ≤ b ≤ a < p− 1
If instead s = 1, the generators (σ, (a, b)) ∈ S2 × {0, . . . , p − 1}2
satisfy a+ b ≡ 3 (mod p).
If p ≥ 5, one can divide the generators in two sets as before: those in
which both indices a, b are strictly smaller than 4, and the other ones
in which both p-coordinates are ≥ 4. The case in which p = 4 can
be worked out by hand (or even better with a computer), and one can
prove that there are (filtered) chain homotopies relating the complexes
of K˜3, K˜4 and K˜5 for s = 1.
The corresponding differentials for p ≥ 5 are:
(14) ∂˜(xa,b) =

0 if (a, b) = (0, 3), (1, 2), (2, 1)
y2,1 + y0,3 if (a, b) = (3, 0)
yb,a + ya−1,b+1 if 4 ≤ a ≤ b ≤ p− 1
ya,b + yb−1,a+1 if 4 ≤ b ≤ a ≤ p− 1
(15) ∂˜(ya,b) =

0 if (a, b) = (0, 3), (2, 1)
x0,3 if (a, b) = (3, 0), (p− 1, 4)
x2,1 + x1,2 if (a, b) = (1, 2)
xa,b + xb,a if 4 ≤ a < b
xa+1,b−1 + xb−1,a+1 if 4 < b ≤ a
In both cases we can apply the cancellation lemma (see e.g. [17]) to
“cancel” the two rightmost generators (see Figure 8).
We obtain two complexes which are chain homotopic to both G˜C(Gp, s)
and G˜C(Gp−1, s).
Equivalently, the homology of the complexes in the two relevant
Spinc structures in minimal Alexander degree is always represented
by the cycle [y2,0] if s = 0 and is acyclic for s = 1 (see Figures 7 and
8).
In these last sections we have proved that C˜L(p,1)0 is non-trivial, by
exhibiting the null-homologous knots Kp ∈ K(L(p, 1)), and showing
that they are not almost-concordant to the unknot:
Proposition 33. All the knots K˜p ∈ K(L(p, 1)) represent non-trivial
almost-concordance classes in C˜L(p,1)0 .
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Figure 7. The“evolution”of the complexes
G˜C(L(p, 1), Kp, s) for s = 0 (top part) and s = 1
(on the lower part), and p = 3, 4 and 7 from left to
right. In this case increasing the dimension of the grid
produces chain homotopic complexes.
Figure 8. A closer look to the lower parts in the last
figure. The circled generator is the only one surviving
in homology; cancelling the two generators enclosed by
the dotted grey line produces a chain homotopy to the
previous complex.
Proof. The results of this section imply that each of the K˜p (for p ≥ 3)
are nullhomologous knots in L(p, 1), such that
τ 0(K˜p) = τ
0(K˜3) = −1 6= 0 = τ 0(K˜3) = τ 0(K˜p).
In particular their τsh-invariants are non-trivial. 
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Figure 9. A grid representing the “smallest” knot in
L(2, 1) with non-trivial τsh invariant.
Remark 34. We left out the case of L(2, 1) up to now, but it is possible
to prove that there is a nullhomologous knot K2 ∈ K(L(2, 1)) such
that ĜH(L(2, 1), K2, 0) ≡ ĜH(31) and ĜH(L(2, 1), K2, 1) ≡ ĜH(©).
The dimension of a minimal grid representing K2 is 3, and it can be
represented as X = (0, 1, 2),O = (2, 3, 4) (see Figure 9).
Now we can just recall a result by Hedden [11] adapted to our situa-
tion to actually obtain infinitely many non-trivial almost-concordance
classes in each L(p, 1).
Since we are dealing with nullhomologous knots we do not need to
worry about framing issues21, which arise in the general case. Note also
that any choice of the parameters for the cabling applied to Kp yield
another nullhomologous knot.
Theorem 35 (2.2 of [11]). Let K ∈ K(L(p, 1)), and choose a suffi-
ciently large integer n; then if Km,−mn+1 denotes the (m,mn+ 1)-cable
of K, the following holds for each s ∈ Spinc(L(p, 1)):
(16) τ s(Km,−mn+1) =
{
mτ s(K) + mn(m−1)
2
+m− 1 or
mτ s(K) + mn(m−1)
2
.
Proof of Thm. 1. The chain homotopies from Section 4, together with
Remark 34 ensure the existence of a nullhomologous knot K˜p in each
L(p, 1) (p ≥ 2) which is not almost-concordant to the unknot. Theorem
35 ensures that by cabling the knots K˜p we obtain other knots whose
first two components of the τ -invariant differ, hence represent non-
trivial almost-concordance classes. It is also easy to show that even
keeping the parameter m fixed, e.g. m = 2, the τ -invariants one obtains
by iterate cabling are all distinct. Together with Proposition 33 this
concludes the proof of the Theorem. 
21The ambiguity in this case is removed by choosing the Seifert longitude for the
pattern attachment.
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Remark 36. An extensive number of computer-aided computations al-
low one to prove that for p ≤ 20 it is also possible to exhibit non-trivial
almost-concordance classes in each homology class of each lens space
L(p, q).
Remark 37. It is also possible to use methods and computations by
Grigsby ([8]) and Levine [20], to establish the existence of non-trivial
almost-concordance classes in rational homology spheres (many of which
are not lens spaces).
Remark 38. The behavior of the τ -invariants under mirroring (de-
scribed in [10, Prop. 3.5]), coupled with the previous computations
imply the existence of a knot K in L(3, 2) such that τsh(K) = τ(K) =
(1, 0, 0). More generally, the procedure detailed in this section allows
to exhibit non-trivial almost-concordance classes in L(p, p− 1) as well.
The present techniques do not seem however to be directly applica-
ble to the more general case of q 6= ±1; in particular the expansion
procedure described in Definition 31 does not work whenever q 6= ±1.
It seems nonetheless likely (cf. Remark 36) that even in these other
cases one can obtain infinitely many almost-concordance classes in each
lens space.
5. Final remarks
We collect in this last section some results on local knots and prove
Theorem 4.
It seems natural to ask whether locality and concordance are in some
way related. The answer to the following question says that this is not
the case.
Question 39. Can a local knot be concordant to a non local knot?
The answer is positive: the easiest way to produce infinitely many
examples was suggested by Marco Golla. Take a non-local and non-
nullhomologous knot (Y,K), with Y a rational homology 3-sphere, and
a ribbon pattern P ⊂ S1 × D2, as in Figure 10.
Suppose moreover that K has rational genus22 gQ(K) > 0. Then
consider KP , the satellite of K with pattern P , embedded in Y ×{0} ⊂
Y ×[0, 1]. Note that KP bounds a ribbon disk, and it is nullhomologous
in Y . Push the ribbon disk inwards, and remove a small disk from its
interior. Tubing the boundary of the removed disk to Y ×{1} provides
the needed concordance from KP to (Y,©).
22For the definition see [2].
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Figure 10. The band attachment shown produces a
concordance in S1 × D2 × [0, 1] between P and a pair
of unknots.
Now we need to prove the non-locality of KP ; suppose there existed
an embedded 2-sphere S ⊂ Y bounding a ball containing KP .
If the sphere does not intersect ∂ν(K), then either it is contained in
ν(K) or it contains it. The first case can be easily dismissed by looking
at the pattern P 23. In the second case we would have found a sphere
containing ν(K), which is absurd by the non-locality of K. Then we
just need to argue, similarly to what was done in Theorem 14, that all
intersections between S and ∂ν(K) can be removed up to isotopy.
These intersections appear on S as simple and disjoint circles, which
might be nested. Consider an innermost circle; if the corresponding
intersection is nullhomologous on ∂ν(K), we can find a 3-ball bounded
by the union of a disk on S and one on ∂ν(K). So this kind of inter-
sections can be eliminated by an isotopy. There are two qualitatively
different kinds of intersections which are not nullhomologous on ∂ν(K):
the ones which are parallel to a meridian, and those which can instead
also wind along a longitude for ∂ν(K). In the former case (again, by
considering an innermost circle on S), we would have found a disk
cobounding a meridian of ν(K) and not intersecting KP , which is ab-
surd. In the latter, the rational genus hypothesis on K prevents the
existence of such a disk.
Remark 40. Theorem 20, coupled with Equation (8) implies that the
quantity
max
i,j∈Zp
|τ i(K)− τ j(K)|
is an obstruction to locality (up to almost-concordance) for a knot
(L(p, q), K), i.e. if it is nonzero the knot can not be local.
23It can be proven that there can not be any such sphere whenever the minimal
(geometric) number of intersections with a disk cobounding a meridian is not 0, see
[22].
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It easy to realize that if a (almost) concordance class contains a local
knot, then its cobordism PL-genus is equal to 0. The following easy
lemma strengthens slightly the result:
Lemma 41. Let K ∈ K(Y ) be a knot concordant to a local knot. Then
for every satellite pattern P we have
K∼˙P (K).
In other words, almost-concordance classes of local knots are preserved
by satellites operators.
Note that we are not taking care of framings when performing the
satellite construction. There is no ambiguity, since the result holds for
every possible choice of framing for the knot.
Proof. Just take K ′0 = P (K) and K
′
1 = K in the notation of Definition
8, to obtain the product concordance. 
The converse of this Lemma is quite interesting:
Conjecture 42. A knot K ∈ K(Y ) is local if and only if its almost-
concordance class is preserved by all satellite operators.
More generally it would be interesting to find a characterization of
the satellite operators which preserve the splitting into almost-concordance
classes. Clearly all connected sum operators have this property, but this
does not seem to be the case for other winding number 1 operators.
Before proving Theorem 4 we need to introduce some notation.
Consider the lattice L(p) = Zp for p ≥ 2; we want to endow L(p) with
a sort of path metric that encompass the behaviour of the τsh-invariant
under cobordism.
Definition 43. Given two points x = (x1, . . . , xp) and y = (y1, . . . , yp)
in L(p), consider x′ = (x2− x1, . . . , xp− x1), y′ = (y2− y1, . . . , yp− y1)
in L(p−1); now consider the undirected graph Gp whose vertices are the
points in Zp−1 and any two vertices are connected with an edge when-
ever their coordinates differ by  = (1, . . . , p−1), with i ∈ {−1, 0, 1}
for all i = 1, . . . , p − 1. In other words we are adding all “diagonals”
to the lattice. Endow Gp with the path metric D˜, and define
D(x, y) := D˜(x′, y′).
Proof of Thm. 4. We want to reduce ourselves to a situation in which
we can apply Theorem 21. According to Remark 9 genus-g PL-concor-
dance induces a regular concordance between K0#K
′
0 and K1#K
′
1 for
some K ′0, K
′
1 ∈ K; the idea of the proof thus consists in estimating the
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minimal distance on the lattice Zp between τ(K0#K ′0) and τ(K1#K ′1)
for varying K ′. This is just the minimal distance between the two
equivalence classes of τ -invariants induced by almost concordance.
We can consider two representatives K̂0 and K̂1 of the almost-concor-
dance classes of K0 and K1 respectively, such that τ
0(K̂0) = τ
0(K̂1) =
0. By Theorem 21, each component of τ can change by at most g under
a cobordism of genus g. Hence the distance D˜ on Zp−1 between K̂0 and
K̂1 coincides with
max
s∈{1,...,p−1}
{|τ s(K̂0)− τ s(K̂1)|},
which by Theorem 21 bounds from below the genus of a cobordism
between the two representatives of the almost-concordance classes. 
In a previous version of this paper, we posed as a conjecture a ques-
tion raised by A.Levine, on whether there exists a pair (Y,m) such that
|CYm| < +∞. Recently Yildiz [40] proved, among other things, that for
the pair (S2×S1, {p}×S1) there is only one almost-concordance class
(cf. also [6], [28] and [4]).
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